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COMPATIBLE MAPS AND COMPATIBLE MAPS 
OF TYPES (a) A N D (/5) 

IN INTUITIONISTIC FUZZY METRIC SPACES 

Abstract. In this paper, we first formulate the definition of compatible maps and 
compatible maps of types (a) and (/3) in intuitionistic fuzzy metric spaces and give some 
relations between the concepts of compatible maps and compatible maps of types (a) 
and 03). 

Introduction 
In 1965, the concept of fuzzy sets was introduced by Zadeh [25]. Since 

then many authors have expansively developed the theory of fuzzy sets 
and applications. Especially, Deng [5], Erceg [7], Kaleva and Seikkala [15], 
Kramosil and Michalek [18] have introduced the concepts of fuzzy metric 
space in different ways. George and Veeramani [8, 9] modified the concept 
of fuzzy metric spaces introduced by Kramosil and Michalek and defined 
the Hausdorff topology of fuzzy metric spaces. They showed also that every 
metric induces a fuzzy metric. 

Grabiec [10] extended the well known fixed point theorem of Banach and 
Edelstein [6] to fuzzy metric spaces in the sense of Kramosil and Michalek. 
Grabiec and Kramosil and Michalek, Mishra et al. [20] and many authors 
[11-14, 20, 22, 24] obtained common fixed point theorems for compatible 
maps and asymptotically commuting maps on fuzzy metric spaces, which 
generalize, extend and fuzzify several fixed point theorems for contractive-
type maps on metric spaces and other spaces. Cho et al. [3] first formulate 
the definition of compatible maps of type (/3) in fuzzy metric spaces and 
give some relations between the concepts of compatible maps and compatible 
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maps of types (a) and (/?) and give some fixed point theorems for compatible 
maps of type (¡3) on fuzzy metric spaces. 

Atanassov [1] introduced and studied the the concept of intuitionistic 
fuzzy sets as a generalization of fuzzy sets [25]. (Joker [4] introduced the 
concepts of the so-called "intuitionistic fuzzy topological spaces". There 
has been much progress in the study of intuitionistic fuzzy sets by many 
authors [1, 2, 4-7, 10, 15, 21]. Park [21] using the idea of intuitionistic 
fuzzy sets, define the notion of intuitionistic fuzzy metric spaces with the 
help of continuous t-norm and continuous t-conorm as a generalization of 
fuzzy metric space due to George and Veeramani and introduce the notion 
of Cauchy sequences in an intuitionistic fuzzy metric space and prove the 
Baire's theorem and finding a necessary and suffient condition for an intu-
itionistic fuzzy metric spaces to be complete and show that every separable 
intuitionistic fuzzy metric space is second countable and that every subspace 
of an intuitionistic fuzzy metric space is separable and prove the Uniform 
limit theorem for intuitionistic fuzzy metric spaces. 

In this paper, we first formulate the definition of compatible maps and 
compatible maps of types (a) and (f3) in intuitionistic fuzzy metric spaces. 
Thereafter, we give some relations between the concepts of compatible maps 
and compatible maps of types (a) and (/3) in intuitionistic fuzzy metric 
spaces. 

1. Intuitionistic fuzzy metric spaces 

DEFINITION 1 ([23]). A binary operation * : [0,1] x [0,1] —• [0,1] is contin-
uous t-norm if * is satisfying the following conditions: 

(a) * is commutative and associative; 
(b) * is continuous; 
(c) a * 1 = a for all a G [0,1]; 
(d) a * b < c * d whenever a < a and b < d, and a, b,c,d G [0,1]. 

DEFINITION 2 ([23]). A binary operation 0 : [0,1] x [0,1] —> [0,1] is contin-
uous t-conorm if 0 is satisfying the following conditions: 

(a) 0 is commutative and associative; 
(b) 0 is continuous; 
(c) a<>0 = a for all a G [0,1]; 
(d) a()b < c()d whenever a < c and b < d, and a, b,c,d G [0,1]. 

Several examples and detals for the concepts of triangular norms (t-
norms) and triangular conorms (t-conorms) were proposed by many authors 
(see [16, 17]). 
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DEFINITION 3 ([21]). A 5-tuple ( X , M, N, *, 0 ) is said to be an intuitionistic 
fuzzy metric space if X is an arbitrary set, * is a continuous t-norm, 0 is a 
continuous t-conorm and M, N are fuzzy sets on X2 x (0, oo) satisfying the 
following conditions: for all x, y, z S X, s, t > 0, 

(IFM-1) M(x, y, t) + N(x, y, t) < 1; 
(IFM-2) M(x,y,t) > 0; 
(IFM-3) M(x, y, t) = 1 if and only if x = y; 
(IFM-4) M(x,y,t) = M{y,x,t)-

(IFM-5) M(x, y, t) * M(y, z, s) < M(x, z, t + s); 
(IFM-6) M(x,y,.) : [0, oo) —> [0,1] is continuous; 
(IFM-7) N(x, y, t) > 0; 
(IFM-8) N(x, y,t) = 0 if and only if x = y; 
(IFM-9) N(x,y,t) = N(y,x,t); 

(IFM-10) N(x, y, t)0N(y, z, s) > N(x, z,t + s); 

(IFM-11) N(x,y,.) : [0,oo) -»• [0,1] is continuous. 

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions 
M(x,y,t) and N(x,y,t) denote the degree of nearness and the degree of 
non-nearness between x and y with respect to t, respectively. 

REMARK 1. Every fuzzy metric space (X,M,*) is an intuitionistic fuzzy 
metric space of the form (X, M, 1 — M, *, 0) such that t-norm * and t-conorm 
0 are assosiated [19], i.e. xQy = 1 — ((1 — x) * (1 — y)) for any x,y G [0,1]. 

REMARK 2. In intuitionistic fuzzy metric space X, M(x, y,.) is non-decreas-
ing and N(x,y,.) is non-increasing for all x, y G X. 

EXAMPLE 1 (Induced intuitionistic fuzzy metric [21]). Let (X, d) be a metric 
space. Denote a*b = ab and a()b = min{l, a + b} for all a, b € [0,1] and let 
Md and N^ be fuzzy sets on X2 x (0, oo) defined as follows: 

Md(x, y, t) = MnM ,, Nd(x,y,t)= 
htn + md(x, y)' ' ktn + md(x, y) 

for all h, k,m,n € R + . Then (X, Md, Nd, *, 0 ) is an intuitionistic fuzzy met-
ric space. 

REMARK 3. Note the above example holds even with the t-norm a * b = 
min{a, b} and the t-conorm a()b = max{a, b} and hence (M, N) is an intu-
itionistic fuzzy metric with respect to any continuous t-norm and continuous 
t-conorm. In the above example by taking h = k = m = n = 1, we get 

Md(x,y,t) = — N d ( x , y , t ) = d [ X ' v ) 

t + d(x, y)' ' t + d(x, y)' 
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We call this intuitionistic fuzzy metric induced by a metric d the standard 
intuitionistic fuzzy metric. 

EXAMPLE 2 ([21]). Let X = N. Define a * b = max{0,a + 6 - 1 } and 
a()b = a + b — ab for all a,b € [0,1] and let M and N be fuzzy sets on 
X 2 x (0, oo) as follows: 

x 
- if X < y, 

M(x,y,t)={y N(x,y,t) = { 

r y - x . 

y -f ^ 
- if y < x, 
x 

y 
if x < y , 

x — y 
if y < x, 

for all x, y € X and t > 0. Then (X,M,N,*,0) is an intuitionistic fuzzy 
metric space. 

REMARK 4. Note that, in the above example, t-norm * and t-conorm 0 are 
not associated. And there exists no metric d on X satisfying 

M(xiy,t) = —4—T, N(x,y,t)= d{x'v) 

t + d(x,y)' ' ' t + d(x,y)' 

where M(x,y,t) and N(x,y,t) are as defined in above example. Also note 
the above functions (M, N) is not an intuitionistic fuzzy metric with the 
t-norm and t-conorm defined as a * b = min{a, b} and a()b = max{a, 6}. 

DEFINITION 4. Let (X,M,N,*,0) be an intuitionistic fuzzy metric space. 
Then 

(a) a sequence {xn} in X is said to be Cauchy sequence if for each t > 0 
and p > 0, 

lim M(xn+V,xn,t) = 1 and lim N(xn+P,xn,t) = 0. 
n—>oci n—>oo 

(b) a sequence {xn} in X is converging to x in X if for each t > 0, 

lim M(xn, x, t) = 1 and lim N(xn, x, t) = 0. 
n—> oo n—>oo 

(c) An intuitionistic fuzzy metric space in which every Cauchy sequence 
is convergent is said to be complete. 

REMARK 5. Since * and <) are continuous, the limit is uniquely determined 
from (IFM-5) and (IFM-10). 

Throughout this paper, (X, M, N, *, 0 ) will denote the intuitionistic 
fuzzy metric space in the sense of Definition 3 with the following condi-
tion: 

( IFM-12) lim M(x, y,t) = 1 for all x, y £ X and t > 0; 
t—> oo 

( IFM-13) lim N(x, y,t) = 0 for all x, y € X and t > 0. 
t—>oo 
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2. Main results 
In this section, we introduce the concept of compatible maps and com-

patible maps of types (a) and (¡3) and give some relations between the 
concepts of compatible maps and compatible maps of types (a) and (¡3) in 
intuitionistic fuzzy metric space. 
DEFINITION 5. Let A and B be maps from an intuitionistic fuzzy metric 
space (IFM-space) (X,M,N,*,§) into itself. The maps A and B are said 
to be compatible if, for all t > 0, 

lim M(ABxn, BAxn, t) = 1 and lim N(ABxn, BAxn, t) = 0 n—»oo n—»oo 
whenever {i„} is a sequence in X such that lim Axn = lim Bxn = z for 

n—> oo n—» oo 
some z € X. 
DEFINITION 6. Let A and B be maps from an IFM-space ( X , M, N, *, 0 ) 
into itself. The maps A and B are said to be compatible of type (a) if, for 
all t > 0, 

lim M(ABxn, BBxn, t) = 1 and lim N(ABxn, BBxn, t) = 0, ri—• oo n—> oo 
lim M(BAxn, AAxn, t) = 1 and lim N(BAxn, AAxn, t) = 0 71—»OO 71—>00 

whenever {xn} is a sequence in X such that lim Axn = lim Bxn = z for 71—>00 71—»OO 
some z € X. 
DEFINITION 7. Let A and B be maps from an IFM-space (X,M,N,*,§) 
into itself. The maps A and B are said to be compatible of type (/?) if, for 
all t > 0, 

lim M(AAxn,BBxn,t) = 1 and lim N(AAxn,BBxn,t) = 0 71—»OO 71—»OO 
whenever {xn} is a sequence in X such that lim Axn = lim Bxn = 2 for 71—»oo n—»00 
some z €. X. 
PROPOSITION 1. Let (X,M,N,*, 0 ) be an IFM-space with t *t > t and 
(1 — i)0( l — t) < (1 — t) for all t G [0,1] and let A and B be continuous 
maps from X into itself. Then A and B are compatible if and only if they 
are compatible maps of type (a). 

P r o o f . Suppose that A and B are compatible and let {xn} be a sequence 
in X such that lim Axn = lim Bxn = 2 for some z € X. Since A and B n—»00 n—»oo 
are continuous, we have 

lim AAxn = lim ABxn • Az, 71—»OO 71—»OO 
lim BAxn = lim BBxn = Bz. 
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Further, since A and B are compatible, 

lim M(ABxn, BAxn, t) = 1 and lim N(ABxn, BAxn, t) = 0 
n—>oo n—>oo 

for all t > 0. Now, since we have 

M{ABxn, BBxn, t) > M ^ABxn, BAxn, 0 * M ^ BAxn, BBxn, | 

and 

N(ABxn, BBxn, t) < N (^ABxn, BAxn, 0 OiV BBxn, 0 

for al i i > 0, it follows that 

lim M(ABxn, BBxn, t) > 1 * 1 > 1 
n—>oo 

and 
lim N(ABxn,BBxn,t) < 000 < 0 

n-+oo 

which implies that 

lim M(ABxn, BBxn, t) - 1 and lim N(ABxn, BBxn, t) = 0. 
n—> oo n—>oo 

Similarly, we have also, for all i > 0, 

lim M(BAxn , AAxn,t) — 1 and lim N(BAxn, AAxn,t) — 0. 
n—»oo n—+oo 

Therefore, A and 5 are compatible of type (a). 
Conversely, suppose that A and B are compatible of type (a) and let 

{xn} be a sequence in X such that lim Axn = lim Bxn = z for some z € X. 
n—*oo n—KX 

Since A and B are continuous, we have 

lim AAxn = lim ABxn - Az, 
n—>oo n—nx> 
lim BAxn = lim BBxn = Bz. 

n—>oo TI—KX> 

Further, since A and B are compatible of type (a), we have, for all t > 0, 

lim M(ABxn, BBxn, t) = 1 and lim N(ABxn, BBxn, t) = 0, 
ra—>oo n—>00 
lim M(BAxn, AAxn, t) = 1 and lim N(BAxn, AAxn, t) = 0. 

N—KX) N—>oo 

Thus, from the inequality 

M(ABxn,BAxn,t) > M^ABxn,BBxn, 0 * M^BBxn,BAxn,^j 
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and 

N{ABxn, BAxn, t)<N ^ABxn, BBxn, 0 0N (^BBxn, BAxn, 

for all t > 0, it follows that 

lim M(ABxn, BAxn, t) > 1 * 1 > 1 n—»00 

and 
lim N(ABxn,BAxn,t) < 000 < 0 n—»00 

for all t > 0, which implies that 

lim M(ABxn, BAxn, t) = 1 and lim N(ABxn, BAxn, t) = 0. 
n—Kx n—>oo 

Therefore, A and B are compatible. This completes the proof. • 

PROPOSITION 2. Let ( X , M, N, *, 0) be an IFM-space with t * t > t and 
(1 — i ) 0 ( l — t) < (1 — t) for all t G [0,1] and let A and B be, continuous 
maps from X into itself. Then A and B are compatible if and cm/// if they 
are compatible maps of type (/?). 

P r o o f . Suppose that A and B are compatible and let {xn} be a sequence 
in X such that lim Axn = lim Bxn = 2 for some z (z X. Since A and B 

n—>oo n—too 
are continuous, we have 

lim AAxn = lim ABxn — Az, 
n—>oo n—• oo 
lim BAxn = lim BBxn = Bz. 

n—>oo n—• oo 

Further, since A and B are compatible, 

lim M(ABxn, BAxn, t) = 1 and lim N(ABxn, BAxn, t) — 0 7i—>oo n—too 

for all t > 0. Now, since we have 

M(AAx n, BBxn, t) > MyAAxn, ABxn, — J * MyABxn, BBxn, — 

> M ^AAxn, ABxn, 0 * M ABxn, BAxn, 

*M^BAxn,BBxn, ^ 
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and 

N(AAxn,BBxn,t) < N^AAxn,ABxn,^jON(ABxn,BBxn,t) 

< N ( AAxn, ABxn, £ ] oN ( ABxn, BAxn, -

0 M^BAxmBBxn,1-

for all t > 0, it follows that 

lim M(AAxn, BBxn,t) > 1 * 1 * 1 > 1 * 1 > 1 
n—>oo 

and 
lim N{AAxn, BBxn,t) < 00000 < 000 < 0 n—>oc 

which implies that 

lim M(AAxn, BBxn, t) = 1 and lim N(AAxn, BBxn, t) = 0. 
n—> oo n—>oo 

Therefore, and are compatible maps of type (/3). 
Conversely, suppose that and B are compatible maps of type (/3) and 

let {xn} be a sequence in X such that lim Axn = lim Bxn = 2 for some n—>00 n—• 00 
z g X Since A and B are continuous, we have 

lim AAxn = lim ABxn = Az, 
n—>oo n—>oo 
lim BAxn — lim BBxn = Bz. n—+ 00 n—• 00 

Further, since A and B are compatible maps of type (¡3), we have, for all 
t > 0, 

lim M(AAxn, BBxn, t) = 1 and lim N(AAxn, BBxn, t) = 0. n—»00 71—>0o 

Thus, from the inequality 

M(ABxn, BAxn, t)> M (ABxn, 0 * M ^ AAx<ji) BAXfh 1 

> Ml ABxn, AAxn, - j ^ MI AAxn, BBxn, — 

*M^BBxn,BAxn, ^ 
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N(ABxn, BAxn, t) < N J'ABxn, AAxn, 0 ON ^AAxn, BAxn, 0 

< N (^ABxn, AAxn, 0 ON (^AAxn, BBxn, 

0 M^BBxn,BAxn,^j 

it follows that 

lim M(ABxn, BAxn, i ) > l * l * l > l * l > l n—>oo 
and 

lim N(ABxn, BAr n , t) < 00000 < 000 < 0 n—>oo 
for all f > 0, which implies that 

lim M(ABxn, BAxn, t) = 1 and lim N(ABxn, BAxn, t) = 0. n—»oo n—• oo 
Therefore, A and B are compatible. This completes the proof. • 
PROPOSITION 3. Let (X,M,N,*,0) be an IFM-space with t*t>t and 
(1 — t)0(l — t) < (1 — t) for all t € [0,1] and let A and B be compatible maps 
of type (a). If one of A and B is continuous, then A and B are compatible 
maps of type (j3). 
Proo f . Suppose that A and B compatible maps of type (a) and let {¡rn} 
be a sequence in X such that lim Axn = lim Bxn — z for some z € X. 

n—>oo n—kx> 
Assume, without loss of generality, that A is continuous. Then 

lim AAxn — lim ABxn = Az. 
n—>oo n—>oo 

Further, since A and B are compatible maps of type (a), we have also, for 
all t > 0, 

lim M(ABxn,BBxn,t) = 1 and lim N(ABxn, BBxn,t) = 0, 
n—>oo 7i—»oo 
lim M(BAxn, AAxn, t) = 1 and lim N(BAxn, AAxn, t) = 0. 

n—>oo 7i—•oo 
Thus, from the inequality 

M(AAxn,BBxn,t) > Ml ] * Ml ABxn,BBxn,-

and 

N(AAxn, BBxn, t) < N ( AAxn, ABxn, 0 ON (^ABxn, BBxn, 0 
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it follows that 
lim M(AAxn, BBxn, t) > 1 * 1 > 1 

n—>oo 

and 
lim N(AAxn, BBxn, t) < 000 < 0 

71—»OO 

which implies that 

lim M(AAxn, BBxn, t) = 1 and lim N(AAxn, BBxn, t) = 0. 
7i—»oo n—»00 

Therefore, A and B are compatible maps of type (/?). This completes the 
proof. • 

PROPOSITION 4. Let (X, M, N, *, 0) be an IFM-space with t*t > t and, 

(1 — t )0 ( l — t) < (1 — t) for all t G [0,1] and let A and B be continuous 

maps from X into itself. If A and B are compatible maps of type ((3), then 

they are compatible maps of type (a). 

P r o o f . Suppose that A and B are compatible maps of type (j3) and let {xn} 

be a sequence in X such that lim Axn = lim Bxn = 2 for some z € X. 
71—» OO 71—>00 

Since A and B are continuous, we have 

lim AAxn ' lim ABxn = Az, 
71—>00 71—»OO 
lim BAxn = lim BBxn = Bz. 

71—»OO 71—>00 

Further, since A and B are compatible maps of type (/?), we have, for all 
t > 0, 

lim M(AAxn,BBxn,t) = 1 and lim N(AAxn, BBxn,t) = 0. 
n—>oo 7i—»oo 

Thus, from the inequality 

M(ABxn, BBxn, t) > Ml ABxn, AAxyi) \ * M ^ AAxn, BBxn, 

and 

N(ABxn, BBxn, t) < N (^ABxn, AAxn, 0 0N AAxn, BBxn, | 

it follows that 
lim M(ABxn,BBxn,t) > 1 * 1 > 1 

71—»OO 

and 
lim N(ABxn, BBxn, t) < 000 < 0 



Intuitionistic fuzzy metric spaces 681 

which implies that, for all t > 0, 

lim M(ABxn, BBxn, t) = 1 and lim N(ABxn, BBxn, t) = 0. n—>oo n—» oo 
Similarly, we have also, for all t > 0, 

lim M(BAxn, j4Arn, i) = 1 and lim N(BAxn, AAxn, t) = 0. 
n—>00 n—»oo 

Therefore, A and B are compatible maps of type (a). This completes the 
proof. • 

From Proposition 3 and 4, we have the following. 
P R O P O S I T I O N 5. Let (X, M, N, *, 0 ) be an IFM-space with t*t > t and 
(1 — t )0(l — t) < (1 — t) for all t € [0,1] and let A and B be continuous 
maps from X into itself. Then A and B are compatible maps of type (a) if 
and only if they are compatible maps of type ((3). 
P R O P O S I T I O N 6 . Let (X,M,N,*,0) be an IFM-space with t *t > t and 
(1 — i)0(l — t)<(l — t) for all t € [0,1] and let A and B maps from X into 
itself. If A and B are compatible maps of type (/?) and Az = Bz for some 
z e X, then ABz = BBz = BAz = AAz. 
P r o o f . Suppose that {xn} is a sequence in X defined by xn = z for some 
z G X and n = 1,2,3...and Az — Bz. Then we have 

lim Axn = lim Bxn = Az. 
n—>oo n—»oo 

Since A and B are compatible maps of type (¡3), we have, for all t > 0, 

M(AAz, BBz,t) = lim M(AAxn, BBxn,t) = 1 n—>oo 
and 

N(AAz, BBz, t) = lim N(AAxn, BBxn, t) = 0 n—»oo 
and so AAz = BBz. On the other hand, from Az = Bz, it follows that 
AAz = ABz and BAz = BBz. 

Therefore, we have ABz = AAz = BBz — BAz. This completes the 
proof. • 
P R O P O S I T I O N 7. Let (X, M, N, *, 0 ) be an IFM-space with t*t>t and 
(1 — ¿)0(1 — t) < (1 — t) for all t G [0,1]. Let A and B are compatible maps 
of type ((3) from X into itself and let {x„} be a sequence in X such that and 
lim Axn = lim Bxn = z for some z € X. Then we have the following: n—• oo n—»oo 

(i) lim BBxn = Az if A is continuous at z, 
n—>oo 

(ii) lim AAxn = Bz if B is continuous at z, n—»oo 
(iii) ABz = BAz and Az — Bz if A and B are continuous at z. 
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P r o o f , (i) Suppose that A is continuous at From lim Axn = 2; for 
n—>00 

some z € X, it follows that lim AAxn = Az. Further, since A and B are n—>00 
compatible maps of type (/3), for all t > 0, 

lim M(AAxn, BBxn, t) = 1 and lim N(AAxn, BBxn, t) = 0. 
n—>00 71—>oo 

Thus, from the inequality 

M(BBxn,Az,t) > M^BBxn,AAxn,^j *m( 

and 
N(BBxn,Az,t) < N^BBxn,AAxn,^jON^AAxn,Az,^j 

for all t > 0, it follows that 

lim M(BBxn, Az,t)> 1 * 1 > 1 
n—• 00 

and 
lim N(BBxn, Az, t) < 000 < 0. n—* 00 

Therefore, we have lim BBxn = Az. n—foo 
(ii) Suppose that B is continuous at 2. From lim Bxn = 2 for some z € 

n—»00 
X, it follows that lim BBxn = Bz. Further, since A and B are compatible 

71-+OO 
maps of type (/?), for a l i i > 0, 

lim M(AAxn, BBxn, t) = 1 and lim N(AAxn, BBxn, t) = 0. 
n—>oo n—>oo 

Thus, from the inequality 

M(AAxn, Bz, t) > M (AAxn, BBxn, 0 * M (^BBxn, Bz, | 

and 
N(AAxn,Bz,t) < 

for all i > 0, it follows that 

lim Af(AAxn, Bz,t) > 1 * 1 > 1 
n—>00 

and 
lim N(AAxn,Bz,t) < 000 < 0. 

n—+00 

Therefore, we have lim AAxn = Bz. 
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(iii) Suppose that A and B is continuous at z. Since A is continuous at 
z, by (i), we have lim BBxn = Az. On the other hand, since lim Bxn = 2 

n—>oo n—>oo 
for some z 6 X and B is continuous at lim AAxn = Bz. Therefore, by 

n—»00 
the uniqueness of the limit, we have Az = Bz and so, by Proposition 6 it 
follows that ABz = BAz. This completes the proof. • 
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